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1 Introduction 

The vacuum expectation values (VEV) of local fields play an important role in quan- 
tum field theory (QFT) and statistical mechanics ll|, 0. In statistical mechanics the 
VEVs determine the "generalized susceptibilities" i.e. the linear response of the system 
to external fields. In the QFT defined as a perturbed conformal field theory (CFT) the 
VEVs provide all the information about its correlation functions that is not accessible 
through direct calculations in conformal perturbation theory Pj. Recently some progress 
was made in the calculations of the VEVs in two dimensional integrable QFT. In the ref. 
1^, an explicit expression for the VEVs of the exponential fields in the sine-Gordon and 
sinh-Gordon models was proposed. It was shown in [^ that this expression can be ob- 
tained as the minimal solution of certain "reflection relations" which involve the Liouville 
"reflection amplitude" . In this approach the sinh-Gordon QFT can be considered as a 
perturbed Liouville CFT. In the same paper the "reflection amplitude" for the boundary 
Liouville theory was used for the calculation of the VEVs for the boundary sinh-Gordon 
and sine-Gordon theories. In ref. the same method was applied to the calculation of 
the VEVs of the exponential fields in the so called BuUough-Dodd model with real and 
purely imaginary coupling. It is known that c < 1 minimal CFT perturbed by the opera- 
tors $12 and $13 can be obtained by a quantum group (QG) restriction of the sine-Gordon 
PI and imaginary BuUough-Dodd models with special values of the coupling. These 
relations were used in |^ to calculate the VEVs of primary fields in a perturbed minimal 
CFT. The results are in good agreement with numerical data obtained in [llO| . 

In this paper we consider the VEVs of local fields in a two-parameter family of inte- 
grable QFTs with the action : 



A = (fx 



^ \{d,^,Y + {d,^,f + {d,^,f 



IGtt 



:i) 



where the parameters a,/3,7 satisfy the relation : 

P' + l'-a' = \. (2) 

In this paper we use the following parametrization for «,/3, 7 : 

Aa^ =p + n, 4f3^ = n + 2, 47^ = p. (3) 



The QFT (HI) was introduced and studied in |]ri| where the "dual" cr-model representa- 



tion for this theory available in the strong coupling region a,/3,7 >> 1 was constructed. 
The QFT (^ contains as particular cases the known integrable models : N = 2 super- 
symmetric sine-Gordon theory, 0(4) and 0(3) non-linear a-models, the sausage model 
12|, [p^ and others. In ref. |jT^ the QFT (|l]) was used for the study of tunneling in 



quantum wires. For integer n the theory ([I|) admits a QG restriction to the parafermionic 
sine-Gordon models [llH] with actions (pSj). For integer n and p it can be restricted to the 



integrable perturbed SU2in) (g) SU2{p - 2) /St/a (p + n-2) coset CFT ^ . 



In section 2 we use CFT methods to calculate the "reflection amplitudes" for the 
exponential fields exp{a(fi+ib(p2+'>'Cip3) in the QFT (|^). We solve the functional "reflection 
relations" for the VEVs of these fields and do some tests to confirm the result. The strong 
coupling asymptotics of the VEVs are considered. In section 3 we use our results for 
the QFT (|l|) to calculate the VEVs of the basic fields in the parafermionic sine-Gordon 
models. As particular cases we consider A^ = 1 and restricted N = 2 supersymmetric 
sine-Gordon models. In section 4 we calculate the VEVs of the primary fields in the 
integrable perturbed SU{2) coset CFT models. As an example, we consider a minimal 
A^ = 1 supersymmetric CFT perturbed by an operator preserving supersymmetry. In the 
last section we discuss the relation between VEVs and certain quantities in CFT. 

2 Reflection amplitudes and vacuum expectation val- 
ues in two parameter family of integrable QFT 

The starting point for the calculation of the VEVs in an integrable QFT, which can 
be defined as a perturbed CFT, is the calculation of the "reflection amplitudes" for the 
local fields in the basic CFT 0, |^ . For the QFT (|l]) we can interpret the first four terms 
in eq. (|l]) as the action of the CFT and the last one as the perturbation (the choice 
of perturbation between two last terms is, of course, conventional). The action of the 
corresponding CFT has the form : 



AcFT = / d'^x 



167r 



{d^ipiY + {d^ip2f + (d^V-sY - 2/ie°^^ cos(M + W3) 



(4) 



where parameters a,/5,7 satisfy the condition (0). This action can be also obtained as 
the "conformal" limit (/i — ;> 0, y^i — >■ oo, ^e°"^^ is fixed.) of the action (0). 

The holomorphic stress-energy tensor T{z), where z = Xi + ix2, z = Xi — 1x2 are the 
complex coordinates of M? : 

T{z) = -]{^,v^f - ^{d,V2? - ]{d.V>3r + qadlvi, with g, = -^ (5) 

4 4 4 4a 

ensures the local conformal invariance of the QFT (^) with the central charge c = 3 + ^. 
The exponential fields 

V{a,b,c;x)=ex-p{a(fi+ib(f2 + 'i'C(f3), V''{a,b,c;x) = V{a,—b,—c;x) (6) 

are spinless conformal primary fields with dimensions : 

A = A(a,6,c) = a(2g„-a) + 6^ + 0^. (7) 

In particular, fields 

V{a,P,j;x) = exp{aipi + iPip2 + i^ip3) , 0(a,/3,7; x) = 1/(a, -/3, -7; x) (8) 

have conformal dimension equal to one. 

Besides the conformal symmetry generated by T = T2, the QFT (H) possesses an addi- 
tional infinite-dimensional symmetry generated by the chiral algebra T which includes an 



infinite number of holoniorphic fields T2, T3, ... with integer spins. The detailed description 
of the chiral algebra T is not within the scope of this paper. As an example of the spin 3 
field T3 G T, we give here the holomorphic primary field : 

T^ = D{d,(l,f + E(9,0)(9,v^i)2 + F(9,0)(9,Vi) + G{dl(t)){d,ipi) + L{dl(P), (9) 

where = /3(/?2 + 7</'3, D = i±ff^; E = ?,a^] F = Qa^; G = -?,a{l + 2a^)- L = l{l + 2a'^). 
The other fields Tj, j > 3 can be obtained by fusion of the field T3. 

The primary fields $4 of the chiral algebra T can be classified by the eigenvalues tj of 
the operators Tjq (the zero Fourier components of the currents Tj) : 

T,-o$i = t^^u t2 = A. (10) 

The fields V{a, b, c) are the primary fields of the chiral algebra T with the parameters 
tj = tj{a, b, c). All of the functions tj{a, b, c) possess the reflection symmetry tj{a, b, c) = 
tj{2qa — a, b, c). For j = 2, this follows from eq. (|^); for j = 3 one can easily derive this 
property from the explicit form of T3. The fields V{a, b, c) and V{2qa — a, b, c) are the 
reflection image of each other and are related by the linear transformation : 

V{a, b, c; x) = Raid, b, c)V{2qa — a, b, c; x), (11) 

where Ra{a,b,c) is the "reflection amplitude". 

This function is an important object in CFT (it deflnes the two-point functions of the 
operators V) and plays a crucial role in the calculation of one-point functions in perturbed 
CFT. To calculate the function Raid, b, c) we introduce the flelds $t '■ 

<!>t = N~\a,b,c)V{a,b,c), (12) 

where the normalization constant N{a, b, c) = N{a, —b, — c) is chosen in the way that 
fields $( satisfy the conformal normalization condition|^ : 

< $l(x)$,(y) >= ^—^. (13) 

\x — y\^^ 

The normalized fields $t are invariant under the refiection transformation and hence : 

^ / , N N(a,b,c) , ,, 

^« «, &, C = \ y 14 

N[2qa — a, 0, c) 
For the calculation of Raid, b, c), we note that operators Q+, Q- defined as : 

Q+ = fi cfxV{a, (3,'y;x) ; Q- = fi cfxV{a,—(3,—'y;x) (15) 



commute with all of the elements of the chiral algebra 1 and can be used as screening 
operators for the calculation of correlation functions in the CFT (Hf). 



^This condition will be used later for the normalization of operators in perturbed CFT. 



For a = —ma with integer m, we obtain from eqs. (0),(|T^ the following expression 
for the function N{a, b, c) in terms of Coulomb integrals : 



N'^{a,b,c) 



\x 



4A 



m! 



< V{a, -b, -c; 0)V{a, b, c; x)Q'^Q"^ >, 



(16) 



where the expectation value in (|T^ is taken over the Fock vacuum of massless fields 
(pi,ip2,(p3, with correlation functions : 



< ipi{x)ipj{y) >= -2Sij log \x - y\^. 



(17) 



Exactly the same expression (|l^) for A^^ can be obtained if we do perturbation theory in 
/i with the action (H). 



For the calculation of the integral ([161) we can use the "duality" relation between a 
2n-fold integral with the measure : 



duniu) 



TT 



n\ 



and a 2/-fold integral with the measure : 






d^^l{v) = -ir li ('"i- ^j)^ n ^^^i' 



n 



(19) 



i<j<i 



j=i 



which has the form : 



n l+n+1 



I l+n+1 



,■ 1 «■ 1 "^ A 1 ,' 1 



\v^-y^-"'^-' 



(20) 



i=l j=l i=l j=l 

A-n + 1 "+^^ . '+^^ ,1 



X7l 



E «i) n ii^ + (^i)Il\yi-yj 

j=l i=l i<j 



2ai+2aj 



where 



7(x) 



Tix) 



f211 



r(l-a;) 
Using this relation we can reduce the integral (|T6|) to a standard integral calculated in 



T7| . As the result we obtain that for a = —ma, the function R^ defined by eq. ([I^) has 

Tin \ -2^/"' r(i -2A + 2B + 2C) r(i - 2A - 2fi - 2C) 



the form : 



Raid, b, c) 



4a' 



r(i + 2A + 2B + 2C) r(i + 2A-2B- 2C) 
r(l + 4A)r(l + A/a2) 



X 



where 



r(i-4A)r(i-A/a2) 

A = aa, B = j3b, C = •jc ; A = a{a — q^) 



f22) 



(23) 



We accept eq. ( P^ as the proper analytical continuation of the function i?„ for all a. 
We define the function G{a, b, c) as the VEV of the operator V{a, b, c; x) in the QFT 

(S): 

G{a, b, c) =< exp{aLpi + ib(^2 + icip^) > ■ (24) 

As was shown in papers [^, the VEV ( P^ satisfies the same "reflection relations" as 
the operator V{a, b, c) in the QFT (^). In this way, we arrive at a functional equation for 
the function G{a, b, c) : 



G{a, b, c) = Raid, b, c)G{2qa — a, b, c). 



(25) 



To obtain functional equations with respect to the variables b, c, we note that action (|l]) is 
invariant under the transformation a ^^ i/3 {a ■^^ ij). The function G{a, b, c) is invariant 
under this transformation together with the substitution a ^->- ib {a ^->- ic). As a result, 
the function G satisfies also the functional relation : 



with 



Rpia, b, c 



G{a, b, c) = Rjs^a, b, c)G{a, 2g^ — b,c), 



/ vr/i \ -2S//3' ra + 2B - 2A + 2C)T{1 + 2B + 2A - 2C) 



V4/32 



X 



2B-2A + 2C) T{\ -2B + 2A- 2C) 

r(i-45)r(i + 5//?2) 



r(i + 45)r(i-fi//32) 



where 



B = l3{b-qp)- Qfs 



1 



and a similar relation with respect to reflection of the parameter c. 

The minimal solution of these three functional equations has the form 



G'(a,6,c) = (7r/^)2'''+2'='-2- 

where P = A + B + C and 
Q{a,b,c) = 



7(i + P - 2A)7(i + P- 2B)^a + P-2C) 



lih + P) 



dt 
T 



1 /sinh^45t sinh^4Ct sinh^4v4t 



+ 



sinh2t Vtanh4/32t tanh472t tanh4a2t 



- 2{b^ + c^-a^)e 



-2t 



+ Qi{a,b,c) 



here 



Qi{a,b,c) 



dt 2 sinh 2Pt sinh 2(P - 2A)t sinh 2(P - 2B)t sinh 2(P - 2C)t 
t sinh^ t 



(26) 



(27) 



expg, (28) 



(29) 



(30) 



The VEV here is expressed in terms of the parameter of the action /i. To express it in 
terms of the masses of physical particles we note that QFT (|I|) possesses a U{1) ® ^(1) 
symmetry. Four basic particles of the theory A^^ (6) {6 denotes the rapidity of the particles) 
have [/(l)(8)f/(l) charges qi, q2 = ±1. The full spectrum and the scattering theory of QFT 
d^) are described in ref. [11|. In particular, it was shown there that the exact relation 



between the parameter n and the mass M of a particle A'^l has the form 



92 



2^ ^]\I rfP+n+2^ 



ttM r(2/?^ + 27^) _7rM r, ^ , 

""^ 2 r(2/?2)r(272) 2 r(|)r(^)' ^ ^ 

Using eq. ( ]28|) we can calculate the vacuum bulk energy in the QFT (|lD and compare 
it with the value obtained in [jlT| by the Bethe Ansatz method. The specific bulk vacuum 



energy 8o{n, a, /3, 7) is related to the VEV as : 

-^ = -<|^>=4G'(a,A7), (32) 

where C is the Lagrangean density of our theory and in the last equation (|32D we took 
into account the symmetries of the action (0). The integrals ( pOt^OD for the G{a, (3, 7) can 
be evaluated explicitly and we obtain : 

_ ^ _ . , r(-a^)r(/3^)r(7^) 
^^^ ^r(i + a2)r(i-/52)r(i-72)' ^""^ 



in exact agreement with the result of ref. |Tl| . 

One can do some other checks of eq. (^51) . A simple consistency check is based on 
the fact that at the point a^ = 0, /?^ = 7^ = | the QFT (|I|) reduces to two sine- Gordon 
models at the free-fermion point. It is easy to see that the functions G(0, a, h) coincide 
with the expectation values of the exponential operators for the free-fermion theory. One 
can do a perturbative expansion near this point and find an exact agreement with eq. 
(l28|). Another check can be done at the point a = |,/5 = 7 = 4=. At this point, the 
QFT (|l|) coincide with an imaginary ^3 afiine Toda field theory with a coupling constant 
corresponding to a perturbing-operator dimension equal to |. The comparison of eq. (pS]) 
with the VEV of A^ Toda theory gives an exact coincidence. At 7^ = | (p = 2) we have 
from eq. (^ that a^ = (3'^. This line corresponds to the N = 2 supersymmetric sine- 
Gordon model [|TT|. The field exp(a(v?i + if 2)) represents the lightest component of the 
superfield exp(aF(x, 6*)). The calculation of the VEV ( PBD at this line gives the classical 
value G{a, a, 0) = 1 in exact agreement with the nonrenormalization theorem for N = 2 
supersymmetric QFT. 

Some other tests for eq. (p8|) associated with QG restrictions of the QFT ([l|) will be 
given in the next section. Here we note that eqs. ( ^^ - |30| ) simplify in the "scaling" limit 
a, /?, 7 — s> 00, a, 6, c — >• with A, B, C fixed. This (strong coupling) limit corresponds to a 
weak coupling limit for the cr-model which describes the dual representation for the QFT 
(15) (see ref. [^ for details). In the "scaling" limit with a fixed physical mass M we 



obtain : 



G{a, b, c) 



[a 



7(1 



,l4{62+c2-a2) 



P-2C)cos2nA 



-fU + P)cos27rBcos2nC 



(34) 
expQi(A5,C), 



where Qi{A, B,C) is defined by eq. (|30|) . 

We intend to use eq. (^) for tlie analysis of the VEVs of the observables in the a- 
model describing the strong couphng hmit of the QFT (||) in a separate pubhcation. Here 



we shall discuss the application of eq. (|28|) to the perturbed CFT which can be obtained 
from QFT (|l]) by a QG restriction. 



Expectation values of local fields in parafermionic 
sine-Gordon theories 

For integer values oin = 4(0:^ — 7^) = 4/3^ — 2 the QFT ([l|) admits a QG restriction with 

exp(^))0 ||lT|, giving the parafermionic 



respect to the symmetry group Uq^{sl2){qi 
sine- Gordon models |]TB| with action : 

J LiOTT 






{d^^y - KUiPe'P'P + V'V e"'""^ 



t;7;t. 



(35) 



where A^"^ is the action of the Z„ parafermionic CFT with a central charge c = 2 ^ 






n+2 



and the fields ip , ip"^ {ip , ip ) are the holomorphic (antiholomorphic) parafermionic currents 



with spin A 
is given by : 



1 (A = —A). The field 99 is a scalar boson field and the parameter p 



P 



P 



7 



(36) 



n{p + n) 40^(0^ — 7^) 

The QFT (^) depends on two parameter n and p and we denote it by V{n,p). 

Besides the conformal symmetry, the Z„ parafermionic CFT possesses an additional 
symmetry generated by the parafermionic currents ip{ip)- The basic fields in this CFT 
are the order parameters aj,j = 0,1, ...,n — 1 with conformal dimensions : 

j) 



S, 



j[n 



2n{n + 2)' ^^^^ 

All other fields in this CFT can be obtained from the fields aj by application of the 



generators of the parafermionic symmetry |]18[. So it is natural to introduce as the basic 
operators in the QFT V{n,p) (153) the local fields : 

$0) 



aj exp (iujif). 



(3J 



^Uqj^{sl2) is one of the symmetries of the QFT (|^). Another symmetry group Uq^{sl2){q2 = exp(^)) 
[O n is used in section 4 for the restriction of the QFT ( p5[ ) to the integrable perturbed SU{2) coset 
CFT models. 
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and to consider their VEVs. 

For this we briefly describe the vacuum structure and the spectrum of the QFT P(n, p) 
(see ref. [^ for details). V{n,p) possesses an explicit U{1) symmetry. Besides this it 
has n + 1 degenerate ground states |0s >, s = 1, ...,n + 1, which can be associated with 
the nodes of the Dynkin diagram A„_|_i. The particles in V{n,p) are the kinks A1_,,{6) 
characterized by the U{1) charges q = ±1 and interpolating between vacua s and s' with 
|s — s'l = 1. For 47^ = p < 1 there are also bound states of kinks BI.J,{9) with ^(1) charge 
q = and |s — s'| = 0, 2. The masses Mi of these particles are expressed through the mass 
M of the kinks A^^, as : 

Ml = 2Msin(— ), / < -. (39) 



The relation between the parameter k in the action ( pSf ) and the mass M of the basic 
kinks can be obtained by the Bethe Ansatz method |jT9|, pO| and has the form : 



7M= 77^71714^ , (40) 



n ■ V4r(f)r(^, 

where the function 7 is defined by eq. (pi)) and 

n = --p2 = ^. (41) 

n p + n 

To calculate the VEV < Os|$^^|Os > we should express the fields ( pS]) in terms of 
the fields V{a,b,c) in QFT (d). For this purpose, we use the bosonization procedure for 



the fields aj from the parafermionic CFT (see ref. |21| for details). The fields aj can be 



represented in terms of two boson fields ip2 and t] with the stress-energy tensor : 

Tp = -\id.^2)' - \id.v)' + ^qpdl^2, (42) 

where qp is defined by the eq. (|27|). 

The full stress-energy tensor including the field y? has the form : 

T = Tp-\{d^^)\ (43) 

where the fields ip and rj are related to the fields (^1 and ^93 from the restricted QFT (|I]) 
as : 

2^ 2 

ri{x) = —={-iaipi + 7V93) , '^{x) = -^{-ijipi + ay^s). (44) 

m Jn 



In the CFT with stress-energy tensor ( ^3]) these fields have the standard two point func- 
tions : 

< ^{x)^{y) >=< ip{x)ip{y) >= -1\o<g\x - y"^ , < ip{x)^{y) >= ^ 



The fields aj can be represented in terms of tlie fields ip2 and rj as |^ : 



aj = N- ^ exp(z- 



-m) exp( 



7]). 



(45) 



Using eqs. 



where 



we can express the operator ^[f> in terms of the field V{a^ b, c) as : 
$0)=cr,.e-^ = iV-iV(a,6,c), (46) 



aa = A,^ = a^{- + 2puj) , 7c = C*,',.^ = 7^(- H ) > 

n n pn 



5,,^ = A-C = '-. (47) 



The numerical factor Nj corresponds to the conformal normalization condition (^) for 
the fields $^^. This factor can be expressed in terms of the "reflection amplitude" R^ 
([27| ) associated to the reflection of the parameter standing before the twisted field ip2 
{V{a, b, c) — > V{a, 2g/3 — b,c)), by the relation : 



N 



Rf,{0,0,0) Upy 7(^)' 



Rf3{a,b,c) _ f'rrp\ "+2 7(^) 



(4J 



For the calculation of the VEV < OJ$f-?^|0, > we should also take into account the factor 
dj{s) coming from the QG restriction of QFT (|1|). Following the conjecture of ref. [0 we 
take it in the form : 



dj{s) 



sm 



n+2 



sm 



Vn+2; 



(49) 



and using eqs. (|46|),(|49|) we obtain : 

< 0,|$i^)|0, >= d^{s)Nr'G{a,b,c) = d,{s)Gp{j,uj) 



where 

Gpij,uj) 



/7rMr( 
V2fmfM^ 



P±n±2\. 2cj'2+25 



exp 



dt 
T 



sinh4Ctsinh4(C-72)t 



sinh 2t sinh 47^t 



(50) 



sinh4y4tsinh4(A — a^)t sinhjtsinh(n — j)t 

tanh 2t sinh(n + 2)t 



sinh 2t sinh Aa'^t 



2{uj^ + Sj)e 



-2t 



here 6j is defined by eq. (p7D, and the dependence of Aj i^, Cj^j on j and u is given by eq. 

We consider in more detail some particular cases of eq. (|50D. For arbitrary integer n 
and p = 47^ we obtain 



< e"^'^ > 



Gp{0,u;) 



' expQ„(cj) 



2n r(|)r(|) 
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where 

n ( \ - /• ^V sinh(nMt) sinh^(2p^t) ^ ^ _^\ 

^"^'^^ ~ J t Uinh(2nt)sinhtsinh(p%t) j' ^^ 

here and later u is defined by eq. (p]). 

For n = 1, we have -i/; = 1 and the QFT P(l,p) coincides with the standard sine- 
Gordon model with a coupling constant p^ = -^. In this case, eq. (|50|) gives exactly the 
VEV for the field e"^''' in the sine-Gordon theory proposed in [^. 

For n = 2 the parafermionic current ipi^) is a Majorana fermion and the theory 
V{2,p) describes an A^ = 1 supersymmetric sine-Gordon theory with a coupling constant 
P^ = 2( +2) ' '^'^^ ^^^"^ 0" = o"i is the spin field for the Majorana fermion ^p{z) which has a 
square root branch point at the position of the field a. As the result the theory has two 
sectors : the Neveu-Schwarz (NS) sector of local fields and the Ramond sector of non-local 
ones with respect to ipi^z). 

For n = 2 we have three vacua |0s >, s = 1,2,3. This fact is in perfect agreement 
with the kink structure of the scattering theory for the A^ = 1 supersymmetric sine- 
Gordon model. In the NS sector the VEVs of the fields e'''^'^ do not depend on s and are 
described by eq. ( ^I]) with n = 2. In the Ramond sector the VEVs of the fields ae*'^'^ are 
proportional to ±1 for s = 1, 3 and are equal to for s = 2. They have the form : 

<ae'-^> = (±l,0)x/2(^y''%xpQH(u;), (52) 

where 

1 1 



Q^M = I J 



coshwt v4coshp2jf:cosh I Scoshwt 



cosh(l-M)tsinh^2pa;t \ _A 2uj'^)e-^^ 
sinhtsinh(2p2t) J ^8 ^ >^ 

Another particular case that we consider here corresponds to arbitrary n and p = 
47^ = 2. The QFT V{n,2) posseses N = 2 supersymmetry and is known as the N = 2 
supersymmetric restricted sine-Gordon model. The N = 2 superconformal algebra with 
Virasoro central charge 

3n 
Cn = ^^^ (53) 

posseses a representation in terms of a Z„ parafermionic CFT and a massless scalar field 
(p{z) with stress-energy tensor (^2]) . The supersymmetric currents S{z), S'^lz) and the 



[/(I) current J{z) in this representation |]2^ have the forms 

/2c 



S{z) = (^)'^exp(iz/„(/)) , ^"^(z;) = (— ^)'?/;"^exp(-2z/„v3), (54) 



Jiz) = (^j'-^-*^' 
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where Vn = i^^)^ cind {ilj{z),'ip''{z)) are the parafermionic currents with spins A = 1 — ^• 
All the fields in the minimal N = 2 CFT with the central charge (|53|) can be expressed 
in terms of fields from the Z„ CFT and the field (p. In particular, the so called "chiral" 
fields Xjj J = 0, 1, ...,n, which satisfy the condition 

G^x, =0, (55) 

2 

can be represented as : 

Xj{x) = Cijix) exp ( - ijurrip{x)/{n + 2)), (56) 

and have conformal dimensions A^ = 2(n+2) ■ These fields, normalized by the condition 
(|13| ) have the operator product expansion 



Xj{x)xi{0) = C,ixM^) + O{\xn ^>0, (57) 

with structure constants Cji which have the factorized form |]l8l : 



C. = ^; a.= (4i||)* (58) 

For the analysis of an A^ = 2 CFT it is more convinient to work with renormalized 
chiral fields (pj : 

<Pj = -; J=0,l,...,n, (59) 

ttj 

which have the simple operator algebra : 

0,,(x)0,(O) = 0,,+,(O) + Oi\xn, a > 0, (60) 

and play the roles of order parameters in the perturbed CFT V{n, 2). The expectation 
values of the fields (pj can be calculated using eqs. (|50|),(|56|),(^) and have the simple 
form : 

<0,>=< 0,10,10, >=^ .\^+Y . (61) 

Using the notation t = ( ^ ) and X =< (pi >. Then we can express the VEVs of 



the fields (pj in terms of X 



,X_. 
2t' 



<<Pj>=t^Tji-), (62) 



where Tj{z) is the Chebychev polynomial of the second type defined by the relations : 

sin(j + l)y 

Ij[Z) = : cosv = z (bS) 

^^ ' siny ' y ^ ' 
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In particular, from the condition 0n+i = we obtain the equation for the VEV of the 
order parameter 0i : 

i"+X+i(|) = 0. (64) 



The equation (63) defines the critical points of the Landau- Ginsburg superpotential 



W(.) = f^K,.«(|), (65) 

where Un+2{z) is the Chebychev polynomial of the first type defined by the relations 
Un{z) = COS ny, cosy = z; U^{z) = nTn-i{z) . The function ( |65D coincides exactly with 
the Landau-Ginsburg superpotential for the perturbed N = 2 minimal CFT conjectured 



in ref. 23 



At the end of this section we consider briefly the VEVs in the QFT described by the 
action 

An = A'^^ -Kj(fx U'^ + ^^^^) , (66) 



This integrable QFT was introduced and studied in refs. p4|,|2^, where its scattering 
theory and thermodynamics were described. The most interesting feature of this QFT is 
related to its large n limit where it describes an 0(3)-nonlinear a model. 

The VEVs of the fields aj in the QFT (|66D can be obtained by taking properly limit 
p — »• 0,u; ^ from eq. (0). The limit p — ;> corresponds to 47^ = p — > 0. As it 
was noted in the beginning of this section for p < 1, the QFT V{n,p) contains bound 
states BJ, of the basic kinks Agg', with masses (|39D. The QFT (|66|) can be obtained from 
the QFT (^) if we fix the parameter m = mi. Then in the limit p ^ the kinks Agg' 
have infinite mass and the only stable particles that survive after this limit are the kinks 
Bgg' = BgJ. The relation between the mass m of these kinks and parameter k in the 



action (^) can be obtained from eqs. (p9D,(^0D and has the form pS) : 

2 
TTK-f{l/n) =niy^J . (67) 

The kinks Bgg/ interpolate between the vacua s and s' with |s — s'| = 0, 2. The subspace 
of the ground states |0s > with odd s = l,3, ... <n + lis invariant under the dynamics 
of (|66|) and form the space of vacua for this QFT. Taking the limit p = 47^ — >■ 0, m = 
fixed in eq. (|50D , we obtain : 



sm 



^^)/MA^^^ 



where 



<^sW,\Og>= /^N [-^) expQ,, (6J 

\n+2j 



n.= I ^^ ( ^^^H^J) sinh((n - j)t) ^^ ^_2t 
■^ ' t Uanh(nt)sinh((n + 2)t) ^ 
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In the limit n -^ oo, j <^ n, eq. ( p5D simplifies. In this limit we can consider 7rs/{n + 2) 
as continuous variable < ?9 < vr. The integral Qj in this limit also can be calculated 
and we obtain : 

< a, >^= (j + l)hj/2m + 0{^), (69) 

where Xj/2{^) are the characters of the representations of SU{2) with spins j/2. 

4 Vacuum expectation values of local fields in the 
integrable perturbed SU(2) coset model 

For integer values of j9 = 47^ (in this case 4a^ = p + n is also integer) the QFT V{n,p) 
admits an additional restriction with respect to the QG Uq^{sl2){q2 = exp(— )) to give 
the SU{2) coset CFT models [|l^] perturbed by an integrable operator ^c with conformal 



dimension A = 1 — ^ |T^. The actions of these QFTs, which we denote as <E.{n,p), have 
the form : 

^n,p = A^nl - A I d^X^cix), (70) 

where A^^Jp is the action of the — su (n+ -2) coset CFT C{n,p) with a central charge : 

c„^5!^(4. + i). (71) 

n + p \n + 2 pj 

The stress-energy tensor of the C(n, p) models can be obtained from the stress-energy 
tensor (^) by twisting the field y?, namely : 

Tc = Tp- -{d^^y + iqpdlip, where 2qp = p- l/np = -u/p. (72) 

The conformal dimensions of the basic fields $J^ in the C(n, p) models are characterized 
by three integers j,l,m and have the form : 

.0) ^ (pm - (p + n)l)^ - n'^ jiji-j) 
'"^ 4n(p + n) 2n(n + 2) ^ ' 

where the integers / < p and m < p + n satisfy the condition 

|m — / — kn\ = j] k E Z„,. (74) 

The fields $1;;^ can be represented in terms of fields aj from the Z,„ CFT and the field y? 

asUl: 

<^!i = A^i^.e^"""^ (75) 
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where 



2uj, 



Ira 



-p{m -!) + (/- l)/np; p^ 



P 



n{p + n) 



The normahzation factor Nj^im corresponds to the conformal normahzation condition (13). 
It can be calculated using the integral representation for the correlation functions of the 
C{n,p) models with screening charges : 



The same result can be obtained if we express Nj^im using the relation (^Sj) through the 
"reflection amplitude" Rp{j,uj) associated with the reflection a; —>■ 2qp — uj. Namely : 



2 ^ Rp{j,^lm) 
^■''"^ i?p(0,0) ' 

where the function Rp{j,Lj) is defined by the equation ; 

Gpij, uj) = Rpij, uj)Gp{n - j, 2qp - uj) 
and has the form : 

TlK'~){u) \~~p' , o . (2J-") 



(76) 



(77) 



RpiJ,^) 



n(p%2)l/n 



(p'n) 



X- 



r(i - (g|^ - 2puJ) T{l+^^ + 2uJ/pn) 



^2l^ + 2puJ)Ta + ^-2uJ/pn) 



(7J 



2n 



where U = u — qp. 

The models €{n,p) possess a discrete set of degenerate ground states \Osr > which are 
labelled by two integers s = 1, ..., n + 1 and r = 1, ...,p — l. Their spectrum consists of the 
kinks All, interpolating between the vacua \Osr > and \Os'r' > with |s — s'| = |r — r'| = 1. 



The scattering theory of these excitations is described in ||T5[ . The mass M of the kinks 
is connected to the parameter A in action (^) by the relation |2^ : 



7rA(7('u)7(3'u' 



n{p — 2) 



ttM r(2±f±2) ]4« 



4 r(f)r(^) 



(79) 



n + p — 2 

To calculate the VEVs of the fields $J;^ we can use eqs. (fTSp , (^0]) and take into account 
the factor that comes from the QG restriction of QFT V{n,p). This factor, conjectured 
in [0, has the form : 



dUr) = (-l)^('-i) 



sm 



j nlr \ 
\ P J 



sm 



I TTr\ 
\ P ) 



m) 



where integers k and / are defined by eqs. ([73D, (|74|) 
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As the result we obtain 



Lm 



where 



vrM r 



dj{s)dirr,ir)Njil^Gp{j,u;im) = dj{s)dirair)Gc{j,uJim), 

■sinh(4Ct) sinh(4(C - 7^ + i)t) 



(81) 



' p+n+2 \ -,2A!^' 



2 r(f)r(^; 



exp 



dt 
T 



tanh2tsinhpt 



sinh(4At) sinh(4(A - a^ + |)t) sinh(jt) sinh(n - j)t) 



tanh 2t sinh(p + n)t 



tanh 2t sinh(n + 2)t 



- 2A[f2e-2* 



im 



(i) 



here Aj^ are defined by eq. (0), and the dependence of Aj_^, Cj^^ on j and cj is given by 
eq. (p. 

We consider in more detail several particular cases of eq. (BTI). For arbitrary n,p and 
j = we obtain : 



< ^r2 > 



[ TtM r(2±^) i^Aj 
^r(f)r(f) 



(0) 



dim{r) exp Qn,p{uJir. 



f82) 



where 



Qn,p(l^) 



dt 
T 



sinh(nMt) sinh(2pci;t) sinh(2(pc(j + u)t) 
tanh 2^^ sinh t sinh (np^t) 






For n = 1 the QFT £(l,p) describes minimal CFT models perturbed by the operator 
$13. In this case eq. (|8^ coincides exactly with the expression for the VEVs of primary 
fields in the perturbed minimal CFT proposed in 0. 

For n = 2 the QFT <t{2,p) describes N=l supersymmetric minimal CFT models 
perturbed by the operator $(7, preserving supersymmetry. These theories possess two 
sectors. The fields local with respect to supercurrent S{z) form the NS sector. The 
primary fields in this sector are characterized by j = 0. Their VEVs are given by eq. (|82[) 
with n = 2 (p^ = 2^12)'^ ~ ~+2)- ^^ particular the VEV of the field $13 , which is the 
superpartner of the operator ^c, has the rather simple form : 



l-Au 



<*g)>=±f^) HuMiu] 



(83) 



The fields non-local with respect to S form the Ramond sector. The primary fields there 
are characterized by j = 1. The VEVs of these fields can be represented in the form : 



< M^' > 



/7rMp\2ASi' 



2(±l,0)rf,^(r)( — — j expQn^piuJir 



U) 



where 



QrA^) 



dt 
T 



cosh 2ut 



1 



+ 



cosh 2ut 



cosh ut \ 8 cosh ut cosh 2ut 4 cosh p^t cosh | 



+ 



cosh(l — M)tsinh2pu;tsinh2(pco' + u)t 
sinh t sinh 2p'^t 
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The first supersymmetric model €{2, 3) describes the tricritical Ising model perturbed 
by a subleading thermal operator with dimension At = |. This model coincides with the 
perturbed minimal model C^(l, 4). One can check that VEVs of the fields calculated with 
eqs. (|^) and ( ]82| ) (with n = 2, p^ = j^, u = ^) coincide with the VEVs of the same fields 
calculated from eq. (|82D (with n = 1, p^ = ^, u = ^). 

The next model (t{2, 4) possesses N = 2 supersymmetry. The CFT C(2, 4) is charac- 
terized by a central charge c=l. Its action coincides with the action of a massless free 
scalar field cp. The representation of the N = 2 superalgebra in terms of the field ip 
corresponds to the case n = 1 in eq. (|54D . The CFT C(2,4) describes the special point 
at the critical line of the Ashkin- Teller (Z4) model. This critical line can be parametrized 
by the conformal dimension A^ = /3^ of the thermal operator e = \/2cos(/9v9). At the 
N = 2 supersymmetric point /3^ = | the thermal operator e coincides with operator ^c- 
The action of the Ashkin- Teller model perturbed by the thermal operator has the form 
of a sine- Gordon model : 



A = j (fx [^ {d^^f - V2X cos(/3(^) 



^5) 



At the point /3^ = | corresponding to the C(2, 4) model it possesses N = 2 supersymmetry. 
The order parameters in the Ashkin- Teller model are the fields a, a'^ and the field 
E ~ cr^. The field a has conformal dimension A^- = ^ which is independent of /? along 
the whole critical line. This field is non-local with respect to the field y? which has the 
square-root branch point at the position of o . The field S is local with respect to yj. 
It has conformal dimension As = /3^/4 and can be represented in terms of </) as S = 
±y2cos(;3v?/2). At 0^ = 1^ A^ = \ the field S coincides with the NS field ^fl G C(2,4) 
which has the same dimension. The VEV of S can be calculated independently using eq. 
([83| ) with p = 4, M = I and also from the VEV for the field cos(/3v9/2) in sine-Gordon 
model (|85|) . Both results are in exact agreement : 

/7rM\ 3 / \ 2 

< S >= ±( ^ ] (7(1/6)] = ±V2 < cos(^v9/2) >^2^2 . (86) 

The normalized Ramond field ^[2 ^ C(2,4) has dimension Ai2 = Jq ^^^ can be rep- 
resented in terms of a as : ^[2 = 2" 2 {a + a''). The VEV of the field a + a'' can be 
calculated from eq. (Q) and we obtain : 

<a + a^ >=2(±l,0)(7rM)5exp f — ( — — - - e-^^V (87) 

^ ' '^ ' ^ J 8tV cosh t cosh t/3 / ^ ' 

This result is also in exact agreement (for /3^ = |) with the VEV for the non-local spin 
field a in the sine-Gordon (perturbed Ashkin- Teller) model with coupling constant /3, 
which has the form : 



rt ^„ - 0(^A f\\( I liiil±i 

^ '^2(1-/32)/ 



<(T + (T^>p = 2(±1,0) 



X exD / ^V cosh 2(1 -/?^)t 

^' 8tV cosh /?2tcosh(l-/?2)t cosh t 
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Some other applications of eq. 
in another pubhcation. 



as well as the derivation of eq. 



shall be given 



5 Concluding remarks 

In the previous sections we calculated VEVs in perturbed CFT using the data of 
the corresponding conformal theory. In this section, which is not directly related to this 
subject, we illustrate the application of the VEVs in a massive theory to the calculation 
of some quantities in a basic CFT. As an example, we consider a theory which can be 
obtained by the analytical continuation (p — > h/i) from the QFT ( |53| ) (parafermionic 
sinh-Gordon model). This model is described by the action : 



A, 



n,h 



A^' + 1 



d X 



IGvr 



{d^i^f - k(iIjiIj< 



3^^ + ^^^p^e-^'^ 



^9) 



where A!^^ is the action of the Z„ parafermionic CFT. 

For simplicity we consider only the exponential fields Va{x) = exp{aip{x)) in the QFT 
(PSp. The VEVs of these fields expressed in terms of the parameter k, can be obtained by 
an analytical continuation (p — > b/i, uj —^ a/i) from eqs. (|5TD (^0D and have the form : 



< Va >= GJa) 



7lK'~f{v)\ " /^ 



n 



exp 



dt 
T 



sinh nvt sinh^(26at) 
sinh 2ft sinh t sinh nb'^t 



- 2a^e-^' 



,(90) 



here and later v = 1/n + b"^. 

The QFT ( ^9]) can be defined as a perturbed CFT where the first three terms in (|89| 
define the action A^ i of the CFT and the last one the perturbation : 



A, 



(0) 
n,b 



4°^ + / 



IGtt 



(d^f)'^ - Kipipe' 



b(p 



(91) 



For n = 1, 2 this CFT coincides with the Liouville and supersymmetric Liouville models. 
It has the stress-energy tensor : 



T{z) = Tp 



^{d.^r 



Qdl^ 



(92) 



where Tp is stress-energy tensor of the Z„ parafermionic CFT and 2Q = b + 1/nb = v/b. 
The fields Va = e"''^ are the primary fields for the CFT (|9TD . The "reflection am- 
plitudes" for these fields can be obtained from the "reflection relations" for the VEVs 
®): 

(93) 

j) (with 

(94) 



These can be calculated from eq. ( pOD or by analytical continuation from eq. 
j = 0) and have the form : 



i?i"V) 



TTK,'~f[Vj 



n(n- 



154^1/. 



-2»/6r(l + 2ba)T{l + 2a/nb) 
T{l-2ba)T{l-2a/nb)' 



U 



where a = a — Q. 

We consider the three point functions (structure constants) of the fields \4 in the CFT 

;|(")(ai,a2,a3) =< Va^{xi)Va^{x2)Va.,{x^) > (95) 

To remove the trivial dependence on Xj we put Xi = 0, X2 = (1, 0), X3 = 00. The function 
(|95| ) satisfies the "reflection relations" with amplitude i?^" under all the transformations 
tti -^ 2Q — tti. For n = 1 and 2 this function was proposed in 0,||2^. To construct a 



function satisfying proper reflection properties, we introduce functions Yn{a) and T„(a) 
related to the VEVs Gn{a) by : 

Yn{a) = ^^j^^ = (^-^^) T.(a), (96) 



T„(a) = exp (- j J 



{a - Qfe-^' 



"sinh(nft) sinh b{a — Q)t 
sinh vt sinh t sinh nb'^t 

These functions satisfy the properties : 

Yn{a) = Yn{2Q-ay, r„(0) = 0; Yn{Q) = I; Yn{2{2Q - a)) = R^ {a)Yn{2ay, 



n— 1 

Tn{a + nb) = Y[^{ba+jv)Tn{a); (97) 

j=0 

n—l 

T^ia + l/b) = (nb^f-^'^nii-. + ^nnia) 

The function (P^D, which satisfies the reflection properties, coincides with the solutions 
for n = 1,2 and possesses similar factorization properties, can be written in the form : 

^(n). ^ ^ YMYn{2ai)Y^i2a,)Y,i2a,) 

J [a„a„as) Y^{p - 2Q)Yr.{p - 2a{)Y^{p - 2a,)Y^{p - 2a,) ^'^^ 

^ ^,^^^{v) ^i^Q-p)|b t„(0)T„(2ai)T„(2a2)T„(2a3) 

\ n ) T„(p-2(5)T„(p-2ai)T„(p-2a2)T„(p-2a3)' 

where p = ai + aa + as and r„(0) = ^(0), t„(0) = ^(0). 

The expression ( |98D possesses the correct analytical properties and semi-classical {b « 
1) behaviour, which is governed by the Liouville-like counterterm kc"'"^ regularizing the 
action iW^. 



^'J{ai,a2,as) ^ 4,nfe(«i. ^2, ^3); «: - —^^ — ^ 
We propose eq. (^) as an exact three-point correlation function in the CFT (^ 
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As a function of p = 01 + 02 + 03 Z^"^^ possesses poles at pk,i = 2Q — kb— I /nb, k — l = 
mod n (and hence, due to (|97|), at pk,i = ^Q + kh + l/nh). In particular, the residue 
at the pole Pmnfl = 2(5 — nmb coincides with the term of order k""^ in the perturbative 
expansion for Z^"'\o.i, a2, a^) with action ( ]91| ) : 

Res ^(")(ai,a2,a3) = -AVaAxi)VaA^2)Va,{x,)( / ^^e^^(")rf2^) ). 

p = 2Q~nmh V^my. \J J 

This residue can be calculated using the functional relations (|97D . In this way we arrive 
at the following expression for the parafermionic generalization of the integral calculated 



{VaA^l)Va,{x2)VaM) fl V^K)V'K)e''^("= V^l-^^nrn (99) 



in : 

1 
{nm). . ^^1 

n J j-J-Q jJ'q 7(6ai + jnb"^ + iv)'y{ba2 + jnb"^ + 2^)7(603 + jnb'^ + iv) 

bai + ba2 + ba^ = v — nmb'^; 
where Xi = 0, X2 = (1, 0), X3 = 00 and the expectation value in ( p9D is taken over the state 
that is the direct product of the Z„ parafermionic theory vacuum and the Fock vacuum 
for the massless field ip. 
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